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In the last class

• Basic Introduction to Probability



In the last class

• 10 heads in a row means Ryan has a biased
coin

• Computing probabilities from sample spaces



Reprised Example

• What is the probability of flipping a coin 4
times

• And getting 3 heads, 1 tail
• In any order



3 heads, 1 tail

• How many cases are there?

• 16
– HHHH, HHHT, HHTH, HHTT,
– HTHH, HTHT, HTTH, HTTT,
– THHH, THHT, THTH, THTT,
– TTHH, TTHT, TTTH, TTTT,



3 heads, 1 tail

• How many cases have 3 heads, 1 tail?

• 16
– HHHH, HHHT, HHTH, HHTT,
– HTHH, HTHT, HTTH, HTTT,
– THHH, THHT, THTH, THTT,
– TTHH, TTHT, TTTH, TTTT,



3 heads, 1 tail

• How many cases have 3 heads, 1 tail?

• 16
– HHHH, HHHT, HHTH, HHTT,
– HTHH, HTHT, HTTH, HTTT,
– THHH, THHT, THTH, THTT,
– TTHH, TTHT, TTTH, TTTT,



3 heads, 1 tail

• How many cases have 3 heads, 1 tail?

• 4/16 = 0.25
– HHHH, HHHT, HHTH, HHTT,
– HTHH, HTHT, HTTH, HTTT,
– THHH, THHT, THTH, THTT,
– TTHH, TTHT, TTTH, TTTT,



Questions? Comments?



Homework 2

• How did it go?



Let’s go over rounding

• Unfortunately, the ASSISTments system does
not convert numbers



Let’s go over rounding

• Let’s say you have 1/3 = 0.3333333333

• And the system says “Give at most two
numbers to the right of the decimal point,
round to the nearest number.”

• Acceptable answers include:
– 0.33
– 1/3



Let’s go over rounding

• Let’s say you have 5/6 = 0.8333333333

• And the system says “Give at most two
numbers to the right of the decimal point,
round to the nearest number.”

• Acceptable answers include:
– 0.83
– 5/6



Let’s go over rounding

• Let’s say you have 8/9 = 0.8888888888

• And the system says “Give at most two
numbers to the right of the decimal point,
round to the nearest number.”

• Acceptable answers include:
– 0.89
– 8/9



Let’s go over rounding
• Let’s say you have 0.06 + 0.066 = 0.126

• And the system says “Give at most two numbers
to the right of the decimal point, round to the
nearest number.”

• Acceptable answers include:
– 0.13
– 126/1000 is not preferred, as the problem was

originally in decimals



Any questions about rounding?



What the homework covered

• Simple linear regression
• Covariance
• Pearson correlation



Difficult problem: linear regression



If Y = 0.6X + 2, and X = 2, what is Y?

• Correct answer: 3.2
• Common incorrect answer: 2.2



If Y = 0.6X + 2, and X = 2, what is Y?

• Correct answer: 3.2
• Common incorrect answer: 2.2

Y = 0.6(2) + 2
0.6 * 2 = 1.2
Y = 1.2 + 2
Y = 3.2



Questions? Comments?



Steps of computing a Pearson
correlation

• Compute deviations
• Use deviations to compute covariance
• Compute standard deviations
• Use covariance and standard deviations to

compute Pearson correlation



Difficult problem: Pearson Correlation



Many different incorrect answers



Formulas

= ∑( ̅)( )( )=
= ∑ ̅



Questions? Comments?



Let’s do an exercise in pairs

• Please get in pairs
• Designate a problem-solver
• Designate an explainer

• The problem-solver will solve the problem
• After each step, the problem-solver will stop and

the explainer will check her/his work
– If it’s correct, explain what the problem-solver did
– If it’s incorrect, explain why it is wrong, and discuss



Problem

= ∑( ̅)( )( )=
= ∑ ̅

8 12
10  6
10  8
2    6
12  10
6 12
6    18



Questions? Comments?



Do explainers want to do one?



If so, switch roles and correlate

1 7
4 9
3 2
6 11
8 1

= ∑( ̅)( )( )=
= ∑ ̅



Difficult Problem: Probability

• Let's say you have a fair coin. What's the
probability that if you flip it three times, it will
come up heads all three times?

• Correct answer: 0.125 or 1/8
• Common wrong answers: 0.5, 1.5



Difficult Problem: Probability

• Let's say you have a fair coin. What's the
probability that if you flip it three times, it will
come up heads all three times?

• Correct answer: 0.125 or 1/8
• Common wrong answers: 0.5, 1.5

– 0.5 is wrong because it represents a single coin flip.
Each of the coin flips individually has probability 0.5 of
heads, but together, they are ½* ½ * ½ = 1/8

– If you don’t believe this, try flipping a coin three
times, several times. Does it come up heads-heads-
heads half the time?



Difficult Problem: Probability

• Let's say you have a fair coin. What's the
probability that if you flip it three times, it will
come up heads all three times?

• Correct answer: 0.125 or 1/8
• Common wrong answers: 0.5, 1.5

– 1.5 comes from adding the probabilities rather
than multiplying them

– You can’t have a probability above 1. Probability
goes from 0 (0%) to 1 (100%)



We’ll talk more about multiplying
versus adding probabilities

in the next class…



Difficult Problem: Probability

• Let's say you have two fair 6-sided dice (from
a game of Monopoly, perhaps?)

• You roll both of them. What's the probability
that the numbers add up to 12?

• No consistent wrong answers, so let’s look



Two ways to look at this



Two ways to look at this

36 cases
only 1 total of 12
= 1/36



Two ways to look at this

• Two independent events that each have
probability 1/6

• 1/6 * 1/6 = 1/36

• We’ll discuss this more today



Questions? Comments?



Difficult Problem: Probability

• Let's say you have two fair 6-sided dice (from
a game of Monopoly, perhaps?)

• You roll both of them. What's the probability
that the numbers add up to 7?

• Again, no consistent wrong answers, so let’s
look



Can’t easily multiply this one…



So let’s look at a table



Questions? Comments?



Difficult problem: two events

• You just made two new friends, randomly
sampled from the entire American population.
(You met them on the 2 train). According to the
National Endowment of the Humanities, 21% of
Americans went to a museum or art gallery last
year.

• What is the probability that both of your new
friends went to a museum or art gallery last year?



Common Wrong Answer: 21%

• You just made two new friends, randomly
sampled from the entire American population.
(You met them on the 2 train). According to the
National Endowment of the Humanities, 21% of
Americans went to a museum or art gallery last
year.

• What is the probability that both of your new
friends went to a museum or art gallery last year?



21% is one friend, not both friends

• You just made two new friends, randomly
sampled from the entire American population.
(You met them on the 2 train). According to the
National Endowment of the Humanities, 21% of
Americans went to a museum or art gallery last
year.

• What is the probability that both of your new
friends went to a museum or art gallery last year?



I know this was difficult…

• But I’m confident that everyone here can get
this

• And today and in the next class, we’ll explore
some of the math that can make these
problems easier



Questions? Comments?



Today

• Ch. 4.4  in Mendenhall, Beaver, & Beaver



Today

• Sampling without Replacement
• Permutations
• Combinations



Let’s start by thinking about a coin flip

• 50% chance of heads or tails

• Chance of one head on one flip = ½



Let’s start by thinking about a coin flip

• Chance of two heads on two flips = ¼
– TT HH HT TH
– A.K.A. ½* ½



Let’s start by thinking about a coin flip

• Chance of two heads on two flips = ¼
– TT HH HT TH
– A.K.A. ½* ½

• So, if you have two independent events, with
probability N, the chance of both of them
happening is N*N

• ½ * ½ = ¼



Let’s start by thinking about a coin flip

• Chance of one head on two flips = ¼
– TT HH HT TH
– HT = ¼
– TH = ¼
– HT or TH = ½

• The chance of either of them happening is N+N
• ¼ + ¼ = ½
• This is actually a special case, we’ll talk about the

general case in a bit…



Writing out the special case formally

• Let’s say you have N simple events
• And all the simple events are equally likely



Writing out the special case formally

• Let’s say you have N simple events
• And all the simple events are equally likely

• Then you can write the probability of an event
A as a function of
– The number of simple events that result in the

event A
– The total number of events N



Writing out the special case formally

• You have N simple events
• All the simple events are equally likely
• The probability of an event A is a function of

– The number of simple events that result in the
event A,

– The total number of events N

• =



Examples

• You have 2 coin flips, resulting in 4 possible
simple events: TT, TH, HT, HH

• All the 4 simple events are equally likely
• The probability of 2 heads is a function of

– The number of simple events that result in the event
A, : In this case, that’s 1 simple event

– The total number of events N = 4

• = = 1/4



Examples
• You have 2 coin flips, resulting in 4 possible

simple events: TT, TH, HT, HH
• All the 4 simple events are equally likely
• The probability of 1 head and 1 tail is a function

of
– The number of simple events that result in the event

A, : In this case, that’s 2 simple events
– The total number of events N = 4

• = = 2/4 = 1/2



Examples

• You have two 6-sided dice rolls, resulting in 36
possible simple events

• All the 36 simple events are equally likely
• The probability of a total of 12 is a function of

– The number of simple events that result in the event
A, : In this case, that’s 1 simple event (6+6)

– The total number of events N = 36

• = = 1/36



Examples
• You have two 6-sided dice rolls, resulting in 36

possible simple events
• All the 36 simple events are equally likely
• The probability of a total of 7 is a function of

– The number of simple events that result in the event
A, : In this case, that’s 6 simple events (as discussed
earlier)

– The total number of events N = 36

• = = 6/36 = 1/6



Any questions?



How do we compute the sample space?

• Take the number of possibilities for each of
the steps or stages of your data collection

• Multiply them together



How do we compute the sample space?

• We previously looked at probability of 1 head
on 1 coin flip, 2 heads on 2 coin flips, 3 heads
on 3 coin flips, 4 heads on 4 coin flips, 5 heads
on 5 coin flips

• ½, ¼, 1/8, 1/16, 1/32
• Sample space = 2, 4, 8, 16, 32
• Sample space = 2, 2*2, 2*2*2, 2*2*2*2,

2*2*2*2*2



What is the sample space for

• Rolling a 6-sided die 1x, 2x, 3x, 4x, 5x?



What is the sample space for

• Rolling a 6-sided die 1x, 2x, 3x, 4x, 5x?
• 6, 6*6, 6*6*6, 6*6*6*6, 6*6*6*6*6
• 6, 36, 216, 1296, 7776



What is the sample space for

• Rolling a 6-sided die 1x, 2x, 3x, 4x, 5x?
• 6, 6*6, 6*6*6, 6*6*6*6, 6*6*6*6*6
• 6, 36, 216, 1296, 7776

• And consequently, the probability of any
single simple event is

• 1/6, 1/36, 1/216, 1/1296, 1/7776



What is the sample space for
• Rolling a 6-sided die 1x, 2x, 3x, 4x, 5x?
• 6, 6*6, 6*6*6, 6*6*6*6, 6*6*6*6*6
• 6, 36, 216, 1296, 7776

• And consequently, the probability of any single simple
event is

• 1/6, 1/36, 1/216, 1/1296, 1/7776

• So the probability of rolling a 6 1x (=6), 2x (=12), 3x
(=18), 4x (=24), 5x (=30) is

• 1/6, 1/36, 1/216, 1/1296, 1/7776



Questions? Comments?



Try it yourselves

• I call a radio station, where they make me pick
a number between 1 and 10

• If I get today’s winning number, I get free
tickets to hear Justin Bieber



Try it yourselves

• I call a radio station, where they make me pick
a number between 1 and 10

• If I get today’s winning number, I get free
tickets to hear Justin Bieber (oh lucky me)



Try it yourselves

• I call a radio station, where they make me pick
a number between 1 and 10

• If I get today’s winning number, I get free
tickets to hear Justin Bieber (oh lucky me)

• Let’s say I call 5 days in a row

• What is the sample space?



Try it yourselves

• I call a radio station, where they make me pick a
number between 1 and 10

• If I get today’s winning number, I get free tickets
to hear Justin Bieber (oh lucky me)

• Let’s say I call 5 days in a row

• What is the probability I get tickets every day?
(my daughter will be so excited)



Try it yourselves

• I call a radio station, where they make me pick a
number between 1 and 10

• If I get today’s winning number, I get free tickets
to hear Justin Bieber (oh lucky me)

• Let’s say I call 5 days in a row

• What is the probability I get tickets on exactly one
day? (my daughter will still be excited)



Upcoming Classes

• 2/16 Independence and Conditional Probability
– Ch. 4.5, 4.6

• 2/18 Bayes Theorem
– HW3 due



Homework 3

• Due in 7 days
• In the ASSISTments system



Questions? Comments?


